For each irrational number 6 e (0, 1 ), we construct a semigroup c9g of nilpotent operators on 5f2 ([Q, 1]) that are also partial isometries and positive in the sense that the operator maps nonnegative functions to nonnegative functions. We prove that each semigroup J/g is discrete in the norm topology and hence norm-closed and that the weak closure of J/g is independent of 6 . We show that each semigroup ¿?s has no nontrivial invariant subspaces. It is easy to see that neither of the two examples answers the above question. In this paper, we answer the question negatively by constructing an irreducible semigroup of positive nilpotent operators that are also partial isometries.
IRREDUCIBLE SEMIGROUPS OF FUNCTIONALLY POSITIVE NILPOTENT OPERATORS YONG ZHONG
Abstract.
For each irrational number 6 e (0, 1 ), we construct a semigroup c9g of nilpotent operators on 5f2( [Q, 1] ) that are also partial isometries and positive in the sense that the operator maps nonnegative functions to nonnegative functions. We prove that each semigroup J/g is discrete in the norm topology and hence norm-closed and that the weak closure of J/g is independent of 6 . We show that each semigroup ¿?s has no nontrivial invariant subspaces. In [1, Theorem 1], Hadwin et al. constructed an irreducible semigroup of nilpotent operators on a Hubert space such that every operator in the semigroup has nilpotency two but is not positive in any sense. And in [3] , Schaefer provided a method of constructing a positive quasinilpotent operator on the Hubert space of L2-functions of the unit circle such that the operator does not have any nontrivial invariant subspaces corresponding to projections that are multiplication operators induced by characteristic functions on the unit circle. It is easy to see that neither of the two examples answers the above question. In this paper, we answer the question negatively by constructing an irreducible semigroup of positive nilpotent operators that are also partial isometries. (ii) S* = Ta, S0=T0 = I, Sx = Tx=0. Next we construct a multiplicative semigroup of positive nilpotent operators that are also partial isometries and prove that the semigroup is irreducible.
Consider the
Choose an arbitrary irrational number 6 £ (0, 1). Let S^ be the multiplicative semigroup generated by the set {Sa ) The : a, b £ (0, 1) are rational numbers}. for all /' with j >N.
Therefore, for any /, j > N, [2] and in the references at the end of [2] .
It is easy to see that the index of nilpotence of operators in 5?e is not bounded for any irrational 6 £ (0, 1). Hadwin et al. [1, Theorem 6] proved that an algebra of nilpotent operators is simultaneously triangularizable if the index of nilpotence is bounded. Thus, it is natural to ask the following question:
Question. Is it true that any semigroup of positive nilpotent operators is reducible if the index of nilpotence is bounded?
